Automated protocols have been developed to characterize time series data in terms of stability. These techniques are applied to the output power time series of an optically injected vertical cavity surface emitting laser (VCSEL) subject to varying injection strength and optical frequency detuning between master and slave lasers. Dynamic maps, generated from high resolution, computer controlled experiments, identify regions of dynamic instability in the parameter space.
Introduction
The dynamics of semiconductor lasers are known to be quite susceptible to external influences, such as optical feedback, modulation or injection [1] [2] [3] . In particular, optical injection has been shown to provide enhanced modulation bandwidth [4] as well as a variety of nonlinear dynamics. The latter range from periodic oscillatory output to chaotic behavior [5, 6] . The complex nonlinear dynamics arising from optical injection have been investigated using a variety of semiconductor lasers, including edge-emitting Fabry Perot [6] , distributed feedback (DFB) [7] , multi-section [8] and vertical cavity surface emitting laser (VCSEL) devices [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
Typically, studies of the complex phenomena in these systems have used electrical and optical frequency spectral measurements of the output from the lasers to characterize and analyze the dynamics. The recent availability of fast optical detectors and high bandwidth real-time oscilloscopes means that temporal information, unavailable to earlier studies, can now be readily accessed. Investigations on experimental laser intensity time series have been reported on edge-emitting semiconductor lasers with optical feedback [20] and injection current modulation [21] , optically injected solid state lasers [22] [23] [24] [25] and optically injected VCSELs [10, 11] .
VCSEL devices have a number of practical, beneficial features relative to other semiconductor lasers such as on-wafer testing capabilities, reduced manufacturing costs, high coupling efficiency to optical fibers, ease of integration into 2D arrays and low threshold currents [26] . For these reasons, combined with the potential for nonlinear laser outputs to be used in applications such as secure optical data communication [27] , nonlinear dynamics from VCSEL systems has current priority in nonlinear laser studies. A number of optical injection VCSEL based system investigations have been reported. These have looked at the interesting dynamics resulting from polarized optical injection of VCSELs. The light from a master laser is injected into one of the two orthogonally polarized modes associated with the fundamental transverse mode of the slave laser. In general, the current through the free running VCSELs can be set so that only one of the polarized modes is lasing. Orthogonal injection is where the injected master laser light is polarized orthogonally to that of the free running slave laser emission. Similarly, parallel injection is where the injected light has the same polarization as the free running mode of the slave laser. A variety of phenomena has been observed including polarization switching and polarization bistability in short wavelength (approx. 835-845 nm) [12, 13] , and long wavelength (approx. 1.5 µm) VCSELs [14, 15] , injection locking [16, 17] , nonlinear dynamics and chaos [10, 11, 18, 19] .
The majority of studies on optically injected VCSELs look at the system dynamics whilst varying the injected polarization, injection strength and the frequency detuning between the injected mode and the free running slave laser mode. Dynamic maps of the experimental laser output, categorized into the basically different types of output observed, are an effective way of displaying different regions of operation within the parameter space. Such maps have previously been generated for an 845 nm VCSEL subject to orthogonally polarized injection [9] , and a 1550 nm VCSEL with both parallel and orthogonal polarized injection [19] .
Similar maps have been produced for semiconductor lasers with optical feedback and modulation [28] and optically injected edge emitting semiconductor lasers [29] . Careful experiments have uncovered regions of periodic output embedded in otherwise chaotic regions [29, 30] ; a feature that is also present in theoretical models of the system [31-33]. These results show the need to explore the parameter space at high resolution with respect to changes in the drivers of the nonlinear dynamics. These drivers are injection strength and frequency offset in the case of optical injection [29] [30] [31] [32] [33] .
One aspect of the injected VCSEL systems that has not been addressed is the stability of the dynamics for fixed parameter settings. The notion of stability as used in the context of this work is one by which the system produces basically the same type of dynamics, a type of stationarity, over time for a single operation condition of the system. In some cases the dynamic state may be observed to be unstable in time and it is in such situations that we are referring to an 'instability of the instability'. Most applications would require a system to continuously produce the same type of dynamics once set in a particular mode of operation. In this work we report on the polarization resolved nonlinear dynamics and stability of a 1550 nm VCSEL subject to orthogonally-polarized optical injection. We present maps highlighting regions of operation where the dynamics are unstable and nonstationary, despite having fixed system parameters. The instabilities observed in the nonlinear dynamics for a given set of parameters are found to be richer for optical injection by an orthogonally polarized light into the orthogonal mode of the slave laser. For this reason, this case is the one mostly reported and discussed in this paper.
Experimental setup
The experimental arrangement is the same as that described in [11] . The main features are reproduced here in Fig. 1 . Fig. 1 . Setup used for the study of orthogonally polarized injection in a 1550 nm VCSEL (reproduced from [11] ).
An external cavity master laser with tunable optical frequency provided the external injection for the 1550 nm slave VCSEL. The slave laser was a commercially available InAlGaAs/InP QW 1550 nm VCSEL [34] . A polarization controller adjusted the master laser polarization to be orthogonal relative to the free-running VCSELs lasing mode. The injection strength was controlled using a variable optical attenuator. A coupler sent 15% of the master laser output power to a power meter to monitor the injection strength. The remaining 85% was sent to the slave VCSEL via an optical circulator. The VCSEL emission was separated using the circulator and amplified by an erbium-doped fiber amplifier (EDFA). The broadband amplified spontaneous emission (ASE) noise from the EDFA was removed from the signal prior to analysis using a bandpass filter centered on the VCSEL wavelength. The output power from the slave laser was resolved into components with parallel and orthogonal polarization using a polarization beam splitter. Both polarizations were monitored simultaneously using closely matched 12 GHz photodiodes on separate channels of a 13 GHz real-time oscilloscope (Agilent DSA91304A) which recorded time series of 100 ns in length (32 017 data points). Additionally some of the output signal was also sent to an optical spectrum analyzer (OSA) to monitor the spectral characteristics.
The slave laser relaxation oscillation frequency is approximately 4 GHz. Threshold current was 1.8 mA at 293 K. The device exhibits two modes that correspond to the orthogonal polarizations of the fundamental transverse mode. The device operated on a single transverse mode under all conditions in this work. The optical spectrum inset in Fig. 1 shows the main lasing mode (at −5 dBm) and subsidiary mode (at −44 dBm) separated by approximately 0.5 nm (60 GHz) in the free running slave laser output. Throughout the remainder of this paper the main lasing mode will be referred to as the parallel polarization and the subsidiary mode as the orthogonal polarization.
Both parallel and orthogonal polarization intensity time series were recorded at 2021 different parameter combinations of injection strength (K) and frequency detuning (∆f). Injection strength is defined as the power in the injection channel normalized to the power of the free running VCSEL. Frequency detuning is the difference between the center optical frequency of the injected mode and the center frequency of the orthogonally polarized mode of the slave VCSEL. In this work the parameter range of interest covers injection strengths from approximately −15 dB up to + 7.2 dB and frequency detuning from −10.9 GHz to + 13.1 GHz. The frequency detuning was limited to this range as no interesting dynamics were observed outside of these limits for the maximum amount to power able to be injected into the VCSEL. It has been reported by Sciamanna et al.
[35] that different dynamical scenarios can be expected as the detuning approaches the frequency separation between the polarization modes. In this case, the device mode separation (~60 GHz) is quite large. An investigation into the dynamics of devices subject to frequency detuning values comparable with the polarization mode separation is the subject of future work.
Results and discussion

Dynamic maps
The majority of the results presented here are based on the orthogonally polarized time series. It is injected light of this polarization which results in the dominant output mode of the slave laser having orthogonal polarization, and which leads to dynamical outputs which show the most cases of changing in time within the mapped parameter regions. Unless it is explicitly stated otherwise, the reader should assume the results are for the orthogonal polarization.
This data has been analyzed previously and maps have been manually generated which show the boundaries between the different dynamic regions, including stable injection locking (SIL), limit cycle or period-1 (P1), period doubling (P2) and chaos (C) [36]. In this work, automated algorithms were produced to determine various measurements from the time series. Average intensity ( Fig. 2(a) ) and peak-to-peak amplitude ( Fig. 2(b) ) measurements were used to determine parameters where the laser is injection locked. Time series with high mean intensity and low peak-to-peak amplitude are representative of a stable injection locked output. The maps in Fig. 2 summarize these measurements and the resulting stable injection locked region is shown in Fig. 2(c) . The map in Fig. 1(d) represents the regions where the slave VCSEL is operating on the parallel polarization only, the orthogonal polarization only, or both. This is determined by checking if the amplitude exceeds the noise threshold (set at 20 mV) at any point during the time series.
Outside of the injection locked region a variety of dynamics can be observed. In most cases the dynamics remain constant, or stationary, while held at a fixed detuning and injection strength. See Fig. 3 for typical time series from the positive frequency detuning region showing period-1 (P1) and period doubling (P2) dynamics. In these stationary regions the dynamics remain constant for the duration of the 100 ns time series. Under these conditions, the optically injected VCSEL system could have applications as a periodic signal source.
Dynamic instabilities/nonstationarity
Within the parameter space large regions of stationary dynamics were observed, however we also observed nonstationarities within the 100ns traces in some regions particularly near region boundaries between two attractors. Great care was taken to ensure measurements were conducted under stable conditions and while we cannot rule out extreme sensitivity to experimental conditions, these features are believed to be of a fundamental nature. Some examples of the types of observed unstable dynamics are shown in Fig. 4 . The different time-series displayed in Fig. 4 are representative of the types of dynamics detected by the techniques described later in Section 3.3. The examples in Figs. 4(a)-4(c) are typical of the dynamics seen at positive frequency detuning. These types of dynamics are similar to those seen in various complex nonlinear systems and, although they appear quite irregular, do not seem to be switching between different dynamic states. In Fig. 4(a) a high frequency periodic oscillation is modulated by a much lower frequency envelope, much like a noisy amplitude modulation (AM). The time series in Fig. 4(b) is similar to that seen in Fig.  4(a) ; i.e. a high frequency periodic oscillation, only this time with a chaotically varying amplitude modulation. Low amplitude, low frequency fluctuations, such as those seen in Fig.  4(e) , are typically observed for positive frequency detuning and low injection strengths.
In contrast, the time-series in Figs. 4(d) -4(f) represent much more dramatic switching between what appear to be different dynamic states. These can be seen for negative frequency detuning values. Figure 4(d) shows a rapid switch from stable injection locked output to noisy P1 dynamics. The transition period between the two states consists of several spikes in the laser intensity. A switching between injection-locked output and chaotic pulsing is observed in Fig. 4(e) . A spiky output can be seen in Fig. 4(f) which is from a similar parameter space as Fig. 4(e) . This type of dynamic shows strong similarities with the excitability pulses reported theoretically [37-39] and experimentally [40] in edge-emitting semiconductor lasers.
If this optically injected VCSEL system is to be utilized as a source of periodic or chaotic signals then these regions where significant variations in the dynamics occur need to be identified and avoided.
Detecting unstable dynamics: amplitude variations
A technique is implemented in which a sliding window of 200 points (approx. 625 ps) is passed over the 32 017 point (100 ns) normalized time series. The peak-to-peak amplitude of the normalized time series within each of the 160 windows is recorded and the standard deviation is used to identify time series that show unstable dynamics. The size of the window used can be adjusted to look for variations on different time scales. The sub-nanosecond window used here results in the identification of time-series which may be stationary over longer time scales, such as those previously shown in Figs. 4(a)-4(c).
Data sets with a peak-to-peak amplitude standard deviation of greater than a certain threshold are flagged as having a significant change in dynamics. A map of the standard deviation for the orthogonal polarization is shown in Fig. 5(a) , and for the parallel polarization in Fig. 5(b) . For both polarizations, a standard deviation above 0.05 was determined to be indicative of time series with changing dynamics. Using this threshold, a simplified map is shown in Fig. 6 which depicts the regions where either the orthogonal, parallel, or both polarizations are unstable. The 'unstable', or nonstationary, points are generally located in a region extending from ∆f = 0 GHz, K = −15 dB to ∆f = −4.9 GHz, K = −6 dB, and also along the boundaries of the high peak amplitude region for positive frequency detuning.
Many of the time series identified in the parallel polarization data set as having variable dynamics are for the same parameter settings as the orthogonal map. These points are colored red in Fig. 6 . In these regions of the parameter space, strong correlations (or anti-correlations) between the parallel and orthogonal polarizations mean that nonstationary dynamics seen in one polarization are replicated in the other. An example of this anti-correlation between the polarizations is shown in Fig. 7 . The maps showing the nonstationary regions of the parameter space in Figs. 5 and 6 are based on variations in the amplitude of the intensity time series. Another way to identify regions of changing dynamics is to look at temporal variations.
Detecting unstable dynamics: temporal variations
Previous study of an optically injected solid-state laser led to the development of a technique to measure 'timing jitter' in experimental intensity time series [41] .The method involves measuring the standard deviation of the period between consecutive local maxima in the time series. Any time series with a significant standard deviation, as a percentage of the mean period, is likely to display varying, nonstationary dynamics. The process of locating the local maxima in the time series meant the dominant frequency of the dynamics could also be determined at the same time by calculating the average period between them.
The maps in Figs. 8(a) and 8(b) represent the standard deviation of the time period between local maxima, as a percentage of the average period, and the dominant frequency of the time series, respectively. Note that the analysis was restricted to time series which have peak-to-peak amplitude greater than 20 mV so as to remove the time series which show low amplitude noise. This gives a measure of temporal stability in the dynamics by mapping the variation in the time interval between local maxima. The grey and clear regions of the maps in Fig. 8 have small peak-to-peak amplitude (< 20 mV) and are identified as having no 'interesting' dynamics, i.e. when the laser is injection locked (grey region) or the power is predominantly emitted in the parallel polarization mode (clear region).
The regions identified in Fig. 8(a) as having a significantly large standard deviation from the mean time interval, generally match the areas in the amplitude-variation map (Fig. 6) , identified as being nonstationary. The average time interval between maxima can be interpreted as a period in most cases where the standard deviation is low. This period was used to generate the frequency map in Fig. 8(b) .
There are noticeable differences between the unstable dynamics seen in the isolated region for negative frequency detuning to those seen on the boundary of the stable region for positive frequency detuning.
Positive frequency detuning
For positive frequency detuning values, the area of 'interesting' dynamics, as highlighted in Fig. 8 , is bounded by the injection locked region below and a region of noisy, low amplitude dynamics above (when the device is lasing predominantly on the parallel polarization mode).
Increasing injection strength causes a transition from the injection locked region to the stable region for detuning values 0 GHz to 2.37 GHz. This transition is observed as a P1 oscillation with gradually increasing amplitude.
The transition from the low power region into the stable region (detuning values ≥ 2.87 GHz) varies depending on the magnitude of the detuning. From the data captured in this experiment, several distinct transitions were identified.
In the range of 2.87 GHz to 4.86 GHz, increasing injection strength causes the dynamics to transition from a low power, noisy output to stable P1 via a low frequency fluctuation state, where the two polarizations compete, followed by a noisy P1 state. As injection strength was increased the noisy periodic oscillation increased in amplitude to become clean P1 dynamics as seen in Fig. 9 . The frequency detuning range from 5.36 GHz to 6.86 GHz is characterized by a transition in which a low frequency amplitude modulation of a high frequency oscillation occurs. In general, increasing the injection strength has the effect of gradually increasing the peak-topeak amplitude of the orthogonal polarization dynamics, during which the amplitude modulation first appears as a fairly regular envelope ( Fig. 10(b) ), which then develops into a chaotic modulation ( Fig. 10(c) ) as the injection strength is increased. Further increase of K pushes the system into the stable P1 region ( Fig. 10(e) ). For frequency detuning greater than 6.86 GHz, the orthogonal polarization dynamics recorded in this experiment for increasing injection strength showed a rapid transition from low amplitude noise to fairly robust P1 or P2 oscillations, without any intermediate transitionary states.
Negative frequency detuning
For negative frequency detuning, the area of interest is the isolated region seen at low injection strength and ∆f ≈0 to −5 GHz. This island is bordered by the injection locked region on one side, and a region of noisy low amplitude dynamics on the other (when the device is lasing on the parallel polarization mode). The transitions to this region are much more dramatic than those generally seen in the case of positive detuning. The system was observed to switch rapidly from 'no dynamics' to spiky pulse-like dynamics, such as those time series seen in Figs. 4(b) , 4(c) and 4(f). There does not appear to be any systematic variation in the number or frequency of these pulse events in this region. This type of dynamic looks quite similar to pulses resulting from excitability in relation to optically injected semiconductor lasers [37, 38] , in quantum dot devices [39] , and more recently in comparing quantum well and quantum dot semiconductor lasers [40] . The major difference between this study and those previous works is that they deal with edge-emitting devices rather than the VCSEL device used here. The subject of excitability in VCSELs under polarized optical injection has not yet been addressed theoretically. It is possible there is a similar mechanism at work in this region of the VCSEL parameter space although further investigations, focusing on improved experimental resolution in this region of the parameter space and a thorough theoretical analysis of the VCSEL model, would be required to confirm this interpretation.
Closer inspection of the time series from this region reveals an interesting feature of these random pulsed-like fluctuations, unique to VCSELs. A typical example is shown in Fig. 11 . Again in this region we see anti-correlated dynamics between the two polarizations. An oscillation with a functional form like a relaxation oscillation has been triggered on the orthogonally polarized light. A build in power in the parallel polarization is seen to begin at about the minimum of the second full cycle of the "orthogonal" oscillation. This can also be interpreted as an oscillation being triggered on the parallel mode light, but this oscillation appears to be more heavily damped. Power recovery to the more favored orthogonal polarization occurs in tandem with damping of the parallel oscillation or pulse. Features of this type are only seen in time series where the laser is operated with very close to zero detuning and low injection strengths. The frequency of the "orthogonal" oscillations appear to increase with the injection strength as shown in Fig. 12 , indicating that this is likely an undamping of the VCSEL relaxation oscillation frequency. The relaxation oscillation frequency is known to increase under increased injection [42] . The graph in Fig. 12 shows the frequency of the oscillation approaching the free-running VCSEL relaxation oscillation frequency (approximately 4 GHz) as injection strength is decreased. There is some significant variation in the oscillation frequency between events in the same time series as indicated by the error bars in Fig. 12 . These represent the standard deviation of the frequencies of each oscillation event. Also contributing to the uncertainty is the fact there may only be a few such oscillation events in each 100 ns time series. There are 4 events in Fig. 11(a) from which the frequency has been measured. This feature of the dynamics would benefit from a follow-up experiment focusing on capturing more data at smaller (K, ∆f) intervals.
As the frequency detuning becomes more negative the dynamics become more complicated and look similar to the multipulse excitability seen in other edge-emitting semiconductor laser systems [37-40], albeit with the additional associated polarization mode dynamics. An example of this is shown in Fig. 13 .
These pulses are an interesting feature of the dynamics that has come out of this study. Whilst not the focus of this paper they are interesting and comparing them with excitability phenomena seen in other semiconductor laser system is a goal of future work. 
Conclusion
Protocols have been developed to analyze time variation, on sub nanosecond timescales, of the output-power dynamical state of a VCSEL laser subject to optical injection. Using maps of the sub-ns windowed peak-to-peak amplitude standard deviation and/or the standard deviation in time interval between local maxima as a percentage of the average time interval, allows clear identification of regions where the dynamical output changes on these timescales. This in turn facilitates detailed analysis of the evolution of the time dependence of the dynamical state in the regions so identified. In the case of the optically injected VCSEL laser with positive frequency detuning this highlights competition between two polarization modes as mutual damping mechanisms of the dynamic P1 or P2 oscillation. These analysis tools for experimental and simulation data will facilitate identifying regions of the parameter space where increased sensitivity to coupling effects occurs. These regions may be particularly useful in testing theoretical models of the nonlinear dynamical system.
